We discuss an open supermembrane theory on the maximally supersymmetric pp-wave background in eleven dimensions. The boundary surfaces of an open supermembrane are studied by using the covariant supermembrane theory. In particular, we find the configurations of M5-branes and 9-branes preserving a half of supersymmetries at the origin.
Introduction
Supermembrane theory [1, 2] is expected to play a fundamental role in M-theory. The BanksFischler-Shenker-Susskind matrix model proposed in [3] is also related to the supermembrane theory through the matrix regularization. We can generalize the matrix model to that on the general consistent background that has non-vanishing curvature and includes non-trivial fluxes. However, it is too difficult to study it due to the complicated interaction terms. In the recent progress, the matrix model on the maximally supersymmetric pp-wave background was proposed by Berenstein, Maldacena and Nastase [4] , and has been analyzed extensively by various authors [5] [6] [7] .
Hitherto, closed supermembranes on the pp-wave background were widely studied from the various viewpoints in the works [5, 6, 8] . On the other hand, open supermembranes have not been understood well yet. In the work [6] boundary conditions of an open supermembrane were studied and the possible Dirichlet branes were classified. As the result, 1/2 BPS Dirichlet pbranes are allowed for the value p = 1 only. It should be remarked that this result holds for the Dirichlet branes sitting outside the origin. If we consider branes sitting at the origin, then we can find the configurations of M5-branes and 9-branes preserving a half of supersymmetries, as we will see later. In fact, the D-branes sitting at the origin in superstring theories on pp-waves are special ones among other D-brane configurations as noted by several authors [9] [10] [11] [12] [13] . This situation comes from the fact that the homogeneity of pp-waves is not manifest in Brinkmann coordinates used in the analysis. Because pp-waves are homogeneous, branes sitting at the origin can be located at any arbitrary other location. But this is manifest only in Rosen coordinates. In particular, a brane sitting at (outside) the origin in Brinkmann coordinates is mapped to a flat (curved) brane in Rosen coordinates.
It was difficult to possess an overall picture of D-brane configurations on pp-waves since the analysis are based on the light-cone gauge fixed Green-Schwarz superstring action. However, the authors of the work [10] proposed the method to covariantly analyze D-branes on pp-waves (following Ref. [14] ). Motivated by this work, we analyze covariantly the Dirichlet branes of an open supermembrane on the pp-wave background. The covariant representation of the Wess-Zumino term is constructed up to and including the fourth order in the SO(10, 1) spinor θ, and then we study the boundary conditions for Dirichlet branes. In this formalism we can of course rederive the well-known result in flat space: Dirichlet p-branes are allowed for the values p = 1, 5 and 9 only [15, 16] . The value p = 5 means that open M2-branes can end on the M5-brane, and the value p = 9 implies the end of the world 9-brane in the Horava-Witten theory [17] . The physical meaning of p = 1 case has not been well understood. In the case of pp-waves, the analysis gets complicated because of surface terms which originate from the nonvanishing curvature and constant flux. In this paper, we find the configurations of M5-branes and 9-branes preserving a half of supersymmetries at the origin. These are not 1/2 BPS objects outside the origin as noted in Ref. [6] . The 9-branes sitting at the origin support the work [18] about the heterotic matrix model. This paper is organized as follows. In section 2 we introduce the covariant expression of the Wess-Zumino term in the supermembrane theory on the pp-wave background. In section 3 we will study the boundary surface (Dirichlet brane) of an open supermembrane and classify the possible configuration of them. In particular, M5-branes and 9-branes are 1/2 BPS objects at the origin (while those are not 1/2 BPS outside the origin). The 1-branes preserve a half of supersymmetries at the origin and even outside the origin. Section 4 is devoted to a conclusion and discussions. In Appendix our notation and convention are summarized.
Covariant Action of Supermembrane on the PP-wave
In this section, we briefly review the relevant aspects of the supermembrane theory on the maximally supersymmetric pp-wave background. We will obtain the covariant representation of the Wess-Zumino term up to and including fourth order in the SO(10, 1) spinor θ, which will be analyzed in the next section.
The Lagrangian of the supermembrane [1, 2] is formally given as a sum of the Nambu-Goto
where the induced metric g ij is the pull-back of the background metric
and the three-form B is defined by H = dB with H being the pull-back of the four-form gauge superfield strength on the supergravity background. The term L 0 is manifestly spacetime superinvariant while L W Z is quasi-superinvariant, superinvariant up to a surface term. The κ-invariance of the action must be imposed in order to match the fermionic and bosonic degrees * Our notation and convention are summarized in Appendix.
of freedom on the world-volume. It is known that the condition for the κ-invariance of the action is equivalent to the supergravity equation of motion. For an open supermembrane, the κ-variation leads to a surface term, which must be deleted by imposing appropriate boundary conditions on the boundary of the open supermembrane.
We shall consider supermembranes on the maximally supersymmetric pp-wave solution of the eleven dimensional supergravity, called as the Kowalski-Glikman (KG) solution [19] ,
whereẽ A M 's andω AB are, respectively, vielbeins and spin connection of the AdS 7 × S 4 background. Moreover, the third rank tensor B of AdS 7 × S 4 is given by
where E A (x, tθ) and Eᾱ(x, tθ) is obtained by the shift θ → tθ in E A and Eᾱ.
Now let us construct the covariant Wess-Zumino term in the case of the KG solution.
The supervielbeins and the three-form B for the KG solution can be extracted from those for [24] . In the Penrose limit, the vielbeinsẽ 
The second term B (2) of the Wess-Zumino term (2.8) becomes
We do not need to expand the first term B (1) in the Wess-Zumino term and the kinetic term L 0 with respect to θ, because these terms turn out to be irrelevant in our analysis. The covariant Wess-Zumino term constructed above will be used in the next section for the classification of boundary surfaces of an open supermembrane on the pp-wave background.
Classification of supersymmetric Dirichlet Branes
Here we will classify possible supersymmetric Dirichlet branes on the pp-wave background by
using the covariant open supermembrane. In conclusion, we will find supersymmetric M5-branes and 9-brane sitting at the origin as Dirichlet branes of an open supermembrane on the pp-wave background. In addition, 1-branes are also allowed to exist and they also preserve a half of supersymmetries at the origin.
Boundary Conditions of Open Supermembrane
To begin with, let us introduce the boundary condition on the boundary ∂Σ of the world-volume
Σ of an open supermembrane. The coordinates should be distinguished in terms of boundary conditions, and so we classify the coordinates of a Dirichlet p-brane as follows:
where we have introduced a normal vector n a to the boundary ∂Σ, and the normal and tangential derivatives on the boundary defined by
Now we shall impose the boundary condition on the fermionic variable θ:
by using the projection operators P ± defined by
We choose s = 1 when both of (+, −) are Neumann directions, while s = i when both of (+, −)
are Dirichlet directions. Except for these cases, P ± cannot be projection operators because (Γ ± ) 2 = 0. We can express θ as θ = P + θ on the boundary due to the condition (3.3). The requirement that P ± are projection operators restrict the value p to p = 1, 2, 5, 6 and 9.
From now on, we examine the κ-invariance of the action (2.1) on the pp-wave background (2.3). Under the κ-variation
the action leads to a surface term only because non-surface terms vanish for the supergravity solution. The kinetic term L 0 does not contribute to the surface term. The variation of
, but the surface term vanishes because
On the other hand, if we include B (1) in (3.9), then the studies become difficult. It is because the three-form contribution on the boundary modifies the fermionic conditions. The issue can be resolved by having additional degrees of freedom at the boundary of the membrane, and thus we can consider the boundary surfaces with vanishing three-form field strength [25] . † It is thus enough to investigate the surface term of the κ-variation of the Wess-Zumino term B (2) .
We first consider the Wess-Zumino terms without the terms including µ:
which leads to the well-known conditions in flat space. The surface terms come from the variation of variables with a derivative. Under the variation (3.5), the action (3.6) leads to a † We can couple a two-form field to the boundary surfaces but we can make such a contribution vanish in the same way.
surface term up to and including fourth order in θ
where a dot on a variable means the world-volume time derivative ∂ τ of the variable. In order for the surface terms to vanish, the following conditions must be satisfied
These conditions restrict the value p to p = 1, 5 and 9. Thus, we have rederived the well-known result in flat space [15, 16] .
In the case of pp-waves, there are the additional terms including the parameter µ and so we have to take account of these terms. It is convenient to divide the Wess-Zumino terms including the parameter µ into the following three parts: We analyze these terms in turn. Note that the boundary terms of the κ-variation do not cancel out each other. Therefore, all of these contributions have to be separately canceled out ubder appropriate additional boundary conditions. First, we consider the configuration of Dirichlet branes sitting at the origin examining the Wess-Zumino term (3.9). As we will see later, the other Wess-Zumino terms (3.10) and (3.11) do not affect the result. Secondly, we investigate the configuration of Dirichlet branes sitting outside the origin. In this case, the Wess-Zumino term (3.10) leads to additional conditions.
Dirichlet Branes at the Origin
Let us consider the Wess-Zumino terms (3.9). The variation of (3.9) under the κ-transformation leads to the following surface terms:
Since we have the conditions:θΓ A δ κ θ =θΓ AB δ κ θ = 0, we must impose the additional constraints:θ
These conditions restrict the +, 1, 2, 3-directions, and so we have to impose the boundary conditions for +, 1, 2, 3,-directions as follows:
• One of +, 1, 2, 3 is a Dirichlet direction and other three directions are Neumann directions. First, let us consider the configurations of 9-branes, which is classified as follows:
• Classification of 9-branes (at the origin) (♯D = 1 and ♯N = 10)
1. D: one of the 1, 2, 3-directions, N: otherwise.
The above solution 1 with I = 3 corresponds to the 9-brane solution used in the study of a heterotic matrix model on a pp-wave [18] , and so our result gives a support for the work [18] . Now we shall consider the relationship of 9-branes to D8-branes in the type IIA string theory. To do this, we move to the rotational frame and then compactify a transverse direction on S 1 [26] . By choosing the two directions from 4, · · · , 9, we obtain the type IIA string theory discussed in [27, 28] , and hence we can compare our result with the classification of D-branes in this type IIA string theory. We find that 9-branes of the solution 1 correspond to D8-branes in type IIA string theory via the S 1 -compactification of transverse Neumann direction, and our result agrees with the classification of D-branes in the type IIA string theory [27, [29] [30] [31] .
Next, we shall classify the configuration of M5-branes preserving a half of supersymmetries at the origin.
• and γ I5678 , (3.14)
where γ r 's are SO(9) gamma matrices. The resulting D4-brane configurations (3.14) are consistent with the classification of Refs. [29] [30] [31] .
Next, we shall discuss NS5-branes obtained from unwrapped M5-branes. After rotating two Dirichlet directions, and then compactifying one of the directions on S 1 , we obtain the configurations of NS5-branes spanned along (+, −, b 1 , b 2 , b 3 , b 4 ) and (+, −, I, J, b 1 , b 2 ) from the cases 1 and 2 respectively. Thus, we have found that the configurations of NS5-branes in the type IIA string theory are also restricted in the case of pp-wave. Table 1 : Classification of 1/2 BPS Dirichlet branes sitting at the origin. The result for the case that + and − directions satisfy the Neumann condition holds for the light-cone case at the origin.
In addition to these configuration, we can derive various brane configurations in other type IIA string theories on pp-waves, which are not found before. In particular, our configurations of the transverse M5-branes obtained above might be related to those discussed in [32] .
In the end, we consider the 1/2 BPS configurations of 1-branes at the origin.
• Classification of 1-branes (at the origin) (♯D = 9 and ♯N = 2)
2. N: one of 1, 2, 3, and one of 4, . . . , 9, D: +, − and otherwise.
Finally, we shall summarize the above result in Table 1 .
We can easily show that the Wess-Zumino term S W Z is given by
and hence we obtain the conditionθ
By the use of the expression of M 2 , this condition can be rewritten as
The condition (3.17) is satisfied for our configuration, as we can easily check. The remaining problem is to take account of the effect of the spin connection. This issue will be discussed in the next subsection. The spin connection does not affect the classification at the origin, as we will see later, so we have completely classified the Dirichlet branes sitting at the origin.
It should be remarked that we can rederive the result in the light-cone formulation for the case that both light-cone directions satisfy the Neumann condition. The work [6] considered only the Dirichlet branes sitting outside the origin. However, we can consider those sitting at the origin, and then the same result as in this paper can be rederived. As a matter of fact, when we consider the Dirichlet branes sitting outside the origin, we can obtain the same result as in the work [6] .
In this paper we have considered the κ-variation boundary terms up to and including fourth order in θ. We expect that our classification of Dirichlet branes is true even at the higher order in θ. In fact, there are some arguments [10] which support that this is the case.
Classification of Dirichlet Branes outside the Origin
Here we will include the contribution of the spin connection (i.e., the effect of the order higher than µ). The variation of the Wess-Zumino term S spin W Z with spin connections is given by
from which we can read off the additional conditions that surface terms should vanish. When the +-direction satisfies the Dirichlet condition, the above surface terms all vanish, and hence we have no further condition. When we consider the case that +-direction satisfies the Neumann condition, we have to impose the extra condition:
It is a simple exercise to show that this condition holds for the following two cases That is, the condition (3.19) holds for all configurations sitting at the origin. On the other hand, the Dirichlet p-branes with p = 1 outside the origin, i.e. X r = 0, does not satisfies 1/2 BPS condition if +-direction satisfies the Neumann condition. The case (3.21) implies that the Dirichlet 1-branes are 1/2 BPS objects even outside the origin. Notably, the second condition (3.21) is nothing but the result of the work [6] , and hence this result is consistent with the result of Ref. [6] . Finally, we shall summarize the result of the classification outside the origin in Tab. 2.
Conclusion and Discussion
In this paper we have discussed the boundary surfaces fluxes is an interesting issue [13] , but left to the future investigation.
The classification of D-branes on the curved backgrounds is a very interesting issue, and hence the classification of D-branes on the pp-wave background is intensively studied by many authors. It is an interesting problem to study the Dirichlet branes of the supermembranes on the AdS 4/7 × S 7/4 backgrounds or superstrings on the AdS 5 × S 5 . We can possibly apply the similar method for such theories. It may be useful to examine the alternative Wess-Zumino terms for superstrings on the AdS 5 × S 5 proposed in the works [33] (see also [34] ). We will study in this direction in the future [35] .
Furthermore, it is interesting to examine the heterotic M-theory on the pp-wave background, which is recently discussed in Ref. [18] , from the viewpoint of supermembrane theory.
where the light-cone component of the SO(10, 1) gamma matrices are
We shall choose that Γ 0 is anti-hermite matrix and others are hermite matrices. In this choice the relation (Γ A ) † = Γ 0 Γ A Γ 0 is satisfied. The charge conjugation of θ is defined by
whereθ is the Dirac conjugation of θ and is defined byθ ≡ θ † Γ 0 . The charge conjugation matrix C satisfies the following relation:
For an arbitrary Majorana spinor θ satisfying the Majorana condition θ C = θ, we can easily show the formulaθ
That is, the charge conjugation matrix C is defined by C = Γ 0 in this representation. The Γ A 's are real matrices (i.e., (Γ A ) * = Γ A ). We also see that Γ r and Γ 10 are symmetric and Γ 0 is skewsymmetric.
